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Abstract

We analyze the optimal design of income transfer programs with a special focus on par-
ticipation taxes and the marginal tax rates in the phase-outregion. The analytical framework
incorporates labor supply responses along the intensive and extensive margin, where the lat-
ter is due to a minimum hours constraint. All results are expressed in reduced form, i.e. in
terms of intensive and extensive labor supply elasticities. We derive a formula for the optimal
participation taxes and provide a condition under which negative participation taxes are never
part of the optimal tax schedule. Concerning the marginal tax rates in the phase-out region,
we develop a test for a tax-transfer system to be beyond the top of the Laffer curve and thus
to be (second-best) Pareto inefficient. In such a case there would be room for tax cuts (or in-
creases in transfers) which are self-financing and therefore constitute a Pareto improvement.
Applying this test to Germany, our analysis suggests that the structure of marginal tax rates
in the transfer phase-out region is (second-best) Pareto inefficient.
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1 Introduction

Redistribution schemes that support the unemployed and individuals with low income exist in
all developed countries. There is, however, a public debateon the appropriate design of such
schemes. One issue in this debate is whether it is the unemployed or individuals with low in-
come who should receive the largest benefits. Under a Negative Income Tax (NIT), transfers
are highest for the unemployed. Individuals with positive income receive lower transfers and
thus pay a participation tax when entering the labor market.This contrasts to an Earned Income
Tax Credit (EITC): Here individuals with low income receivethe highest transfers. Because
these transfers exceed those for the unemployed, low incomeindividuals receive a participation
subsidy (a negative participation tax) for entering the labor market.

A second issue in this debate concerns the marginal tax ratesfor those income levels where
transfers are phased out. In most real world tax-transfer systems – regardless of whether NIT
or EITC – these phase-out rates are very high. On the one hand,one may argue that this is
unavoidable if society wants to grant large transfers. On the other hand, high marginal tax rates
heavily distort labor supply. As these phase-out rates are close to 100% in many countries, one
may suspect that they leave room for Laffer reforms, i.e. taxcuts that are self-financing because
of strong labor supply effects.

Using methods of optimal nonlinear taxation, we address these two issues and ask (i) whether a
tax-transfer system should levy participation taxes on or provide participation subsidies for indi-
viduals with low income and (ii) under which conditions a tax-transfer system is beyond the top
of the Laffer curve, so that there is room for tax cuts which increase tax revenue. We derive the
following main results: (i) We generalize a well-known theoretical result from the pure extensive
margin model going back to Diamond (1980) to a framework withintensiveandextensive labor
supply responses: participation subsidies are never part of the optimal tax schedule if the social
marginal utility of the lowest income workers is smaller than the marginal value of public funds.1

(ii) We develop a test – based only on intensive and extensivelabor supply elasticities and the
income distribution – that can uncover whether a nonlinear tax schedule is beyond the top of the
Laffer curve. Applying this test to Germany, we find that the marginal tax rates in the phase-out
region may or may not be inefficiently high (depending on labor supply elasticities), but that they
certainly exhibit an inefficient structure so that there is room for Pareto improving reforms.

As a formal starting point, we solve the optimal nonlinear income tax problem in a model with
both intensiveandand extensive labor supply responses. As pointed out by numerous empirical
studies, extensive responses are large, in particular for individuals with low income.2 Addressing
them when analyzing the optimal design of income transfer programs is therefore crucial.

One reason for an extensive margin to exist is a minimum hoursconstraint, as first proposed by
Moffitt (1982). Such a constraint can be due to several causes: For example, some tasks require
the worker to be present for a certain amount of time, or theremay be fixed costs on the side of
the firm (e.g., for training or for providing equipment) on which the firm wants to economize.3

1Throughout the paper we will use the term tax schedule to describe the effective schedule of the entire tax-transfer
system incorporating income taxes and all benefit programs.

2See Heckman (1993), Eissa and Liebman (1996), Meyer and Rosenbaum (2001) and Meghir and Phillips (2010).
3Numerous empirical papers provide evidence for a minimum hours constraint. Moffitt (1982) and Chen (1991)

explicitly test for a minimum hours constraint and find it to be statistically significant. Sachiko and Isamu (2011) show
that higher fixed costs on the side of the firm lead to higher minimum hours. Euwals and Van Soest (1999) show that
there are fewer part time jobs than desired by workers in the Netherlands. Ilmakunnas and Pudney (1990) find similar
results for Finland. van Soest et al. (1990) and Tummers and Woittiez (1991) suggest hours constraints to be a reason
that many female unemployed cannot find jobs with a low numberof hours per week.
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We incorporate such a minimum hours constraint in a model without income effects where in-
dividuals differ in two dimensions, productivity and preferences for leisure. To keep this two-
dimensional screening problem tractable, we focus on a special kind of separable preferences
which allows to apply a type-aggregator.4

Our first contribution is of methodological nature in that wesolve this two-dimensional screening
problem and show how to express the optimality conditions inreduced form. The reduced form
solution for the marginal tax rates shows a tight connectionto the papers of Saez (2002) and
Jacquet et al. (2012). Saez (2002) considers a model, where each individual can choose among
two different occupations and unemployment. Jacquet et al.(2012) analyze a Mirrlees model, in
which the extensive margin arises due to disutility of participation. Concerning optimal marginal
tax rates, we show that the findings of these papers carry overto a setting where the extensive
margin is due to a minimum hours constraint.

Based on our reduced form solution, we contribute to the EITCversus NIT debate by deriving a
formula for the optimal participation taxes in the presenceof intensive and extensive labor supply
responses. This formula allows to state the condition that participation subsidies are never part
of the optimal tax-transfer system if the social marginal utility of the lowest income workers
is smaller than the marginal value of public funds. This is a generalization of the result from
the pure extensive model, see Diamond (1980), Saez (2002) and Choné and Laroque (2011b).
Importantly, this result does not depend on our specific setting with a minimum hours constraint,
but holds in general, i.e. also for other frameworks with intensive and extensive labor supply
responses.

Concerning the issue of high marginal tax rates in the phase-out region, we ask under what
conditions a given nonlinear tax schedule is beyond the top of the Laffer curve. Whereas the
concept of the Laffer curve is well understood for a linear tax, no one explicitly derived the
conditions for a nonlinear income tax schedule to be efficient prior to Laroque (2005) (extensive
margin) and Werning (2007) (intensive margin). For a setting with both intensive and extensive
labor supply responses, we first propose a simple test whether the marginal tax rate at a certain
income level is above its Laffer value, i.e. whether a decrease of the marginal tax rate at that
income level would increase tax revenue. We then show that a tax schedule may be inefficient
for more subtle reasons: even if each marginal tax rate itself is below its Laffer value, the structure
of marginal tax rates may be inefficient. We therefore develop a stronger version of the test that
can also identify such inefficient structures of marginal tax rates. We express both versions in
reduced form, so that they only require knowledge of the income distribution and elasticities.
Thus, no assumptions concerning the underlying reason for extensive labor supply responses are
necessary when applying the test to a certain tax-transfer system.

Finally, we apply this test to the tax-transfer system in Germany (for singles). Whether marginal
tax rates in the phase-out region are beyond their Laffer values crucially depends on the values
of the intensive elasticities. However, with the stronger version of the test, we identify an inef-
ficiency irrespective of the values of the elasticities. This inefficiency is caused by the structure
of the marginal tax rates which heavily decrease at the income level where the transfer is (just)
phased out.5 Our analysis suggests that a reform that decreases the marginal tax rate below this
threshold income level, and increases it above, constitutes a Pareto improvement: As the absolute
level of taxes does not increase for any income level, no individual is made worse off, but tax
revenue increases due to the induced labor supply responsesalong the intensive and extensive
margin.

4The concept of a type-aggregator has also been applied by Brett and Weymark (2003) and Choné and Laroque
(2011a).

5The inefficiency does not hinge on the discontinuity in the marginal tax rates but exists as well if marginal tax rates
decrease smoothly.
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Besides the above mentioned papers, this paper is also related to the following studies. Kleven
and Kreiner (2006) find that the marginal cost of public fundsis higher if in addition to an inten-
sive margin also extensive labor supply responses are takeninto account. Boone and Bovenberg
(2004) also consider the optimal tax problem in the presenceof both margins: individuals have to
search for a job and can either be unemployed voluntarily or involuntarily. They elaborate how
the government should optimally balance distortions on search incentives with those on work
effort incentives.

Kanbur et al. (1994) consider the optimal design of tax-transfer systems for the case that the
government’s goal is the alleviation of poverty. They show that if it is optimal that everybody
works, the marginal tax rate for the lowest income is negative. Pirttilä and Tuomala (2004)
extended this result for the case that the government can also levy linear commodity taxes.

Our Pareto efficiency test is related to the test derived by Scheuer (2012), who considers dif-
ferential taxation of entrepreneurs and workers. In his model the extensive margin captures the
decision of being a worker or entrepreneur. da Costa and Pereira (2011) derive the properties
of tax schedules that satisfy a minimum equal sacrifice rule and use the Pareto efficiency test of
Werning (2007) to test whether these schedules are Pareto efficient.

The application of our Pareto efficiency test to Germany is related to a study by Blundell et al.
(2009). For Great Britain and Germany, they calculate the welfare weights that would render
the given tax-transfer systems for lone mothers optimal. Ina similar vein, Bargain et al. (2011)
pursue this approach for 17 EU countries and the US focusing on singles without children.6

Both of these studies estimate the relevant elasticities and – for a discretized income distribution
with a small number of intervals – then invert the optimal taxformula to calculate the respective
welfare weights. We instead apply a more continuous approach and thereby examine the structure
of marginal tax rates in greater detail. This makes our approach more powerful in identifying
inefficiencies.

The remainder of this paper is organized as follows: In Section 2 we present our model of
labor supply (Section 2.1) and the government’s problem (Section 2.2). We reformulate the
government’s problem as a direct mechanism in Section 2.3. We derive the solution and express it
in reduced form in Section 2.4. In Section 3 we discuss the properties of the optimal tax schedule
with respect to the marginal tax rates (Section 3.1) and the participation taxes (Section 3.2). In
Section 4 we derive the Pareto efficiency test (Section 4.1) and apply it to the German tax-transfer
system (Section 4.2). Section 5 concludes.

2 The Model

2.1 Individuals’ Labor Supply

Individuals’ preferences over consumptionC and hours of workL are characterized by the quasi-
linear utility function

U(C,L;α) = C − v(αL),

with v(0) = 0, v′ ≥ 0, v′′ > 0. Individuals differ in their productivityw and inα, which
measures preferences for leisure.α is assumed to enter the utility function in this way to render

6Relatedly, Immervoll et al. (2007) consider two kinds of marginal reforms for several European countries: increasing
the welfare benefit and increasing in-work benefits. They findthat the latter would increase welfare in many EU coun-
tries for a large set of redistributive preferences whereasthe former can only be justified by very strong redistributive
preferences.
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the two-dimensional screening problem tractable.w andα are distributed within[w0, w1] and
[α0, α1] according to a joint density functiond(w,α), which we represent by the marginal density
f(w) and the conditional densityg(α|w): d(w,α) = f(w) g(α|w). The mass of individuals is
normalized to one.

Individuals have to pay (possibly negative) taxesT , and becauseα, w andL are unobservable
for the government, these taxes only depend on incomeY = wL. All individuals with the same
income therefore receive the same consumption levelC = Y − T (Y ).

Without the minimum hours constraint, income and utility depend onw andα only via the one-
dimensional aggregateβ = w

α , which can easily be seen by expressing preferences in termsof C
andY :7

U = C − v(αL) = C − v

(
αY

w

)
= C − v

(
Y

β

)
= U(C, Y ;β).

Note that the smallest and largest value ofβ areβ0 = w0/α1 andβ1 = w1/α0 respectively
(see Figure 1). LetK(β) be the distribution function ofβ with corresponding densityk(β)
that has support[β0, β1]. Also, let the conditional density ofα in terms ofβ be g̃(α|β), with
corresponding distribution functioñG(α|β).

Along eachβ-line individuals are identical concerning income and consumption, but – in mov-
ing away from the origin – the number of hours an individual works decreases: Because of their
higher preference for leisureα, these individuals work less, but because of their higher produc-
tivity, they earn the same income and receive the same utility.

α
α1α0

w

w1

w0
L>Lmin L = Lmin L = 0

Y (β′)

Y (β′′)

αm
αu

β0

β′
β′′β1

Figure 1: Partition of the type-space byαm andαu and iso-income curves

With the minimum hours constraintL ≥ Lmin, this no longer holds. As labor supply decreases
along eachβ-line, it will at some point equalLmin, and would then fall below it. This, however,
is not possible, so these individuals have to work the minimum number of hours. We denote the
critical values ofα that separate those that are not restricted by the minimum hours constraint
(L > Lmin) from those that are (L = Lmin) by αm(w); we provide a formal definition of
this αm-curve below. Since all individuals to the right ofαm work Lmin, income in this area
is constant along a horizontal line, see Figure 1. Along thishorizontal line,α is increasing and

7Choné and Laroque (2011a) consider a similar model, but allow for a more general aggregation function than
β = w/α. Also, Brett and Weymark (2003) use such a type-aggregator in a model with endogenous education.
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for sufficiently large values of it, individuals prefer not to work at all. We denote this second
threshold byαu(w); again, we provide a formal definition below. In the following we present
the model and the derivation of the results for the case depicted in Figure 1, i.e. that both curves
are interior and do not cross. This assumption is not necessary to derive the results but greatly
simplifies the notation. Also, we could let the minimum hoursconstraint depend onw, i.e. define
a functionLmin(w). Again, to simplify the notation we refrain from doing so.

For income levels likeY (β′), the iso-income curve is a kinked line. The group of individuals
earning this income consists of two subgroups: Those on the increasing part of the curve can
adjust their labor supply freely and those on the horizontalpart cannot. This is important for the
average elasticity of income with respect to a change in the marginal tax rate: for each income
level, this elasticity will depend on the share of these two subgroups.

Finally, let the density ofY beh(Y ), with corresponding distribution functionH(Y ); the formal
definition is provided in Appendix A.6. As labor supply decisions depend on the tax-transfer
system, this distribution function is endogenous.

2.2 The Government’s Problem

The government’s aim is to choose the nonlinear tax scheduleT (Y ) that maximizes social wel-
fare

W =

∫ w1

w0

∫ α1

α0

Ψ(V (w,α))dG(α|w)dF (w), (1)

subject to a budget constraint and

V (w,α) = max C − v(αL) s.t. C ≤ wL − T (wL) and L ≥ Lmin ∨ L = 0. (2)

We denote the welfare benefit byb = −T (0). Participation taxes then are

Tpart(Y ) = T (Y )− T (0) = T (Y ) + b.

Note that the government may find it optimal to have a discontinuity in the tax schedule at the
bottom, i.e. T (Ymin) 6= T (0), so thatTpart(Ymin) 6= 0. This can well be the case even for
Ymin → 0.

Ψ(·) is increasing and concave and may either represent redistributive preferences of the gov-
ernment or a concave transformation of individual utilities that does not change preferences over
leisure and consumption. WithΨ = Ψ(V (w,α)), all individuals with the same utility have the
same impact on welfare. This implies that (e.g. along the increasing part of the iso-income curve)
the utility of a ‘lazy and able person’ is valued the same as that of an ’unable and hardworking’
individual. One could, however, easily generalize all our results to the caseΨ(V (w,α), α).

2.3 The Government’s Problem as a Direct Mechanism

As is well known, a way to make the problem of optimally choosing a nonlinear tax function
tractable is to formulate it as a direct mechanism, where thegovernment chooses the optimal
income-consumption bundle(C(w,α), Y (w,α)) for each type(w,α).8 The government then

8The reader not interested in the detailed derivation of the representation as a mechanism may skip this section and
move immediately to Section 2.4, where we present the solution to the government’s problem in terms of the tax schedule.
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maximizes social welfare (1) subject to the resource constraint (whereR denotes exogenous
government expenditure)

∫ w1

w0

∫ α1

α0

C(w,α)dG(α|w)dF (w) +R ≤

∫ w1

w0

∫ α1

α0

Y (w,α)dG(α|w)dF (w), (RC)

the minimum hours constraint

Y (w,α) ≥ wLmin ∨ Y (w,α) = 0, (MHC)

and the incentive compatibility constraints

C(w,α)− v

(
αY (w,α)

w

)
≥ C(w′, α′)− v

(
αY (w′, α′)

w

)
(IC)

∀ w,α,w′, α′ with
Y (w′, α′)

w
≥ Lmin ∨ Y (w′, α′) = 0.

Denote (by some abuse of notation) the associated indirect utility function also byV (w,α); it is
the ‘direct-mechanism equivalent’ to (2) and defined by:

V (w,α) = max
w′,α′

C(w′, α′)− v

(
αY (w′, α′)

w

)
s.t.

Y (w′, α′)

w
≥ Lmin ∨ Y (w′, α′) = 0.

This problem is not straightforward to solve. For example, the set of incentive compatibility
constraints is diminished by the fact that for most individuals it is impossible to mimic some of
the other types because the income-consumption bundle designated to these other types would
require the individual to work less thanLmin. In the following we show how to rewrite this
problem in a tractable manner. For this purpose, we state three lemmas.

Lemma 1. In any incentive compatible allocation,Y (w,α) must be non-increasing inα.

Proof. If for α̃ > α we haveY (w, α̃) > Y (w,α), we must haveC(w, α̃) > C(w,α). But if,
of two bundles,(C( ˜w,α), Y (w, α̃)) ≫ (C(w,α), Y (w,α)), type(w, α̃) prefers the first one, so
must type(w,α) because of the lower disutility of labor.

Based on this lemma, we can define the threshold functionsαu andαm; based onαm we can
then define the value ofβ that is associated with the lowest incomeYmin = w0Lmin:

Definition 1. For any incentive compatible allocation, define the threshold functionαu(w) such
that Y (w,α)

w ≥ Lmin for α ≤ αu(w) and Y (w,α)
w = 0 for α > αu(w).

Definition 2. For any incentive compatible allocation, define the threshold functionαm(w) such
that Y (w,α)

w > Lmin for α < αm(w) and Y (w,α)
w ≤ Lmin for α ≥ αm(w). This threshold can

also be expressed in terms ofβ, which will sometimes simplify the notation. In this case we
denote it byαm

β (β); formally it is given byαm(w) = αm
β ( w

αm(w)).

Definition 3. For any incentive compatible allocation, defineβ = w0

αm(w0)
, or implicitly by

Y (β) = w0Lmin.

In Figure 1,β would correspond to theβ-line through the intersection of theαm-curve and the
lower borderw0 of the type space. Note thatβ constitutes the lower bound for unconstrained
workers, i.e. forβ > β there is a positive mass of individuals working more thanLmin.
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The next lemma is based on the type aggregatorβ and allows to define income, consumption and
utility for all workers that work more thanLmin solely as a function ofβ.

Lemma 2. If it is optimal for type(w,α) to choose income-consumption bundle(C̃, Ỹ ) with
Ỹ
w > Lmin, then it is also optimal for any other type(w′, α′) with w′

α′
= w

α and Ỹ
w′

≥ Lmin.

The next lemma simply follows from the fact that the government can only observe income. It
will be used to link workers who workLmin with those who work more thanLmin but earn the
same income.

Lemma 3. In any incentive compatible allocation, wheneverY (w,α) = Y (w′, α′) for some
types(w,α) and(w′, α′), thenC(w,α) = C(w′, α′).

Based on these three lemmas, we show in Appendix A.1 that the government’s problem can be
rewritten in the following way, which can then be solved using standard Lagrangian techniques:

Proposition 1. Instead of choosing{C(w,α), Y (w,α)} in order to maximize (1) subject to
(MHC), (RC) and (IC), the planner can also choose{C(β), Y (β)} for all unconstrained work-
ers, consumption levels for the constrained workers{C(w,α)} and consumption levelsb for all
inactive workers subject to

(i) a no discrimination constraint

C(β) = C

(
Y (β)

Lmin
, α

)
∀ β andα ∈

[
αm

(
Y (β)

Lmin

)
, αu

(
Y (β)

Lmin

)]
, (NDC)

(ii) an envelope condition

V ′(β) = v′
(
Y (β)

β

)
Y (β)

β2
∀ β ≥ β, (EC)

(iii) a monotonicity constraint
Y ′(β) ≥ 0 ∀ β ≥ β, (MC)

(iv) and the government budget constraint

∫ w1

w0

∫ α1

αu(w)

b dG(α|w)dF (w) +R =

∫ β1

β

(Y (β)− C(β)) G̃(αm
β (β)|β)dK(β) (GBC)

+

∫ w1

w0

∫ αu(w)

αm(w)

(wLmin − C(w,α)) dG(α|w)dF (w),

whereβ = w0

αm(w0)
and the threshold functionsαu(w) andαm

β (β) satisfy

C(w,α) − v(αu(w), Lmin) = b ∀ w

and
Y (β) = βαm

β (β)Lmin ∀ β.

Proof. See Appendix A.1
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The intuition for the restatement of the government’s problem is as follows: For all individuals
to the left of theαm-line, incentive constraints can be replaced by an envelopecondition and a
monotonicity constraint as in a standard Mirrlees problem.Any further incentive compatibility
is guaranteed by the definition of the thresholds and the no discrimination constraint, which
formalizes the fact that individuals with the same income must be assigned the same consumption
as well.

2.4 Solution to the Government’s Problem

In Appendix A.2, we state the first order conditions of the government’s problem the way it
was expressed as a direct mechanism in Proposition 1. Using these first order conditions, in
Appendix A.3, we then derive the solution in terms of the optimal tax schedule which can be
summarized as follows:

T ′(Y (β))

1− T ′(Y (β))
λβ

εY,1−T ′

εY,1−T ′ + 1
G̃(αm(β)|β)k(β) −A(Y (β)) = 0 ∀β, (3)

whereεY,1−T ′ denotes the elasticity of the unconstrained workers, and with

A(Y (β)) =

∫ β1

β

∫ αm(β′)

α(β′)

(λ−Ψ′(V (β′))) dG̃(α|β′)dK(β′) (4)

+

∫ w1

Y (β)
Lmin

[∫ αu(w)

αm(w)

(λ−Ψ′(V (w,α))) dG(α|w)

+λg(αu(w)|w)
∂αu(w)

∂T (wLmin)
(T (wLmin) + b)

]
dF (w).

The Lagrange multiplierλ, associated with the government’s budget constraint (GBC), is equal
to the average social marginal utility of income, i.e.

λ =

∫ w1

w0

∫ α1

α0

Ψ′(V (w,α))dG(α|w)dF (w). (5)

Further, we have
A(Y (β)) = A(Y (β1)) = 0. (6)

Deriving the conditions for the optimal marginal tax rates and the optimal participation taxes
from equations (3) and (4) is rather cumbersome. Also, we want to express the test for Pareto
inefficiency in terms of observable labor supply elasticities and the income distribution. We
therefore rewrite the above solution in reduced form. To do so, letΨ

′

(Y ) be the average social
marginal utility of income for all individuals earningY . Also, letξ(Y ) be the semi-elasticity of
participation, i.e. the increase in the number of unemployed relative to the number of individuals
earning income levelY due to an absolute increase inT (Y ) (or b). Likewise, letε(Y ) be the
average elasticity of income with respect to1−T ′ of all individuals earning incomeY . Note that
we define all (semi-) elasticities in a way that they are positive. Finally, denote the maximum
income byYmax = Y (β1).
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Proposition 2. The optimality conditions (3)-(6) can be expressed in reduced form as

T ′(Y )

1− T ′(Y )
λY ε(Y )h(Y )−A(Y ) = 0 ∀Y (7)

with

A(Y ) =

∫ Ymax

Y

[
(λ−Ψ

′

(Ỹ ))− λξ(Ỹ )Tpart(Ỹ )
]
dH(Ỹ ), (8)

λ = Ψ
′

(0)H(0) +

∫ Ymax

Ymin

Ψ
′

(Y )dH(Y ), (9)

A(Ymin) = A(Ymax) = 0, (10)

Proof. See Appendix A.4.

Equation (7) captures the optimality of the tax schedule at each income levelY . It could as
well have been derived by the tax perturbation method as in Piketty (1997) and Saez (2001). We
briefly state the derivation using this method because it makes the optimality conditions easier to
interpret. Consider an infinitesimal increasedT ′ of the marginal tax rate in an income interval of
infinitesimal lengthdY around incomeY . This will have three effects on welfare, a substitution
effect, a redistribution effect and a participation effect:

Substitution effect: Individuals within the interval adjust their labor supply along the intensive
margin. By the envelope theorem, these labor supply responses only change welfare by their
impact on public funds. The mass of individuals affected ish(Y )dY . The average increase in
income is given by∂Y∂T ′

dT ′ = − Y ε(Y )
1−T ′(Y )dT

′, which multiplied byT ′(Y ) yields the effect on
public funds. The substitution effect in terms of welfare then is

dWS = −λ
T ′(Y )

1− T ′(Y )
Y ε(Y )h(Y )dT ′dY. (11)

Redistribution effect: The increase of the marginal tax rate would result in a higheroverall tax
of dT ′dY for all individuals earning more thanY and thereby redistribute money from these
individuals (valued byΨ

′

) to the government (valued byλ). This redistribution effect on welfare
therefore reads as

dWR = dT ′dY

∫ Ymax

Y

(λ−Ψ
′

(Ỹ ))dH(Ỹ ). (12)

Participation effect: Some of the individuals earning more thanY will stop working due
to the higher participation tax. For each income levelỸ ≥ Y , their mass is captured by
∂h(Ỹ )
∂Tpart

dT ′dY = ξ(Ỹ )h(Ỹ )dT ′dY . By choosing unemployment over employment, the gov-

ernments tax revenue is decreased by the participation tax of these individualsTpart(Ỹ ).9 This
effect on welfare equals

dWP = −dT ′dY

∫ Ymax

Y

λξ(Ỹ )Tpart(Ỹ )dH(Ỹ ). (13)

For the tax function to be optimal, we have to havedWS + dWR + dWP = 0, yielding (7).

9As these individuals are indifferent between working and not working, these labor supply responses only change
welfare by their impact on public funds.
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Equation (9) states the well known result that the average social marginal utility of income is
equal to the marginal value of public funds if there are no income effects. A marginal increase
in income for everyone increases welfare by the aggregate social marginal utility of income, and
decreases government revenue by one (as the mass of individuals is one), which is valued byλ.
For the optimal tax schedule, these effects have to cancel out, yielding (9).

A(Ymin) = 0 could also have been derived by a small perturbation of the tax schedule such
that all employed pay marginally higher taxes, leavingT (0) = −b constant. This marginal and
identical increase in the participation tax for all individuals that are employed would only cause
a redistribution and a participation effect as defined in (12) and (13), both integrated over all
income levels greater than or equal toYmin. The conditionA(Ymin) = 0 then follows from
dWR + dWP = 0. Because this reform increasesTpart(Ymin) while T (0) stays constant,
this condition implicitly determines the optimal ‘size’ ofthe discontinuity in the tax schedule.
As argued by Choné and Laroque (2011b) and Jacquet et al. (2012), it may well be that the
government finds it optimal to have negative participation taxes for low income workers induced
by such a discontinuity and at the same time have strictly positive marginal tax rates. In section
4.2 we will derive a formula for the optimal participation tax and provide a condition under which
participation taxes are strictly positive.

3 Properties of the Optimal Tax Schedule

We first briefly comment on the optimal marginal tax rates in Section 3.1, before we discuss the
optimal participation taxes in Section 3.2 in greater detail.

3.1 Marginal Tax Rates

Simply rewriting condition (7) yields the following corollary:10

Corollary 1. The solution to the government’s problem in terms of marginal tax rates is

T ′(Y )

1− T ′(Y )
=

∫ Ymax

Y

[
(λ−Ψ

′

(Ỹ ))− λξ(Ỹ )Tpart(Ỹ )
]
dH(Ỹ )

λY ε(Y )h(Y )
. (14)

The denominator captures the substitution effect. The higher the mass of individualsh(Y ) whose
marginal incentives are distorted and the higher their average elasticityε(Y ) and their produc-
tivity, the larger the excess burden and therefore the lowerthe marginal tax rate.

The first term in the numerator represents the redistribution effect as defined in (12). The greater
the aggregated difference betweenλ andΨ

′

, the higher marginal tax rates should be.

The participation effect as defined in (13) is captured by thesecond term in the numerator. It is
increasing in the mass of individuals responding along the extensive marginξ(Y )h(Y ) and the
participation tax. It counteracts the redistribution effect and leads to lower marginal tax rates.

10As stated in the introduction, this formula resembles the results of Saez (2002) and Jacquet et al. (2012).
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We now briefly comment on the sign of the optimal marginal tax rates. First, marginal tax rates
need not be zero at the bottom and at the top. According to (10), the numerator of condition (14)
equals zero forYmin andYmax. For these two values ofY we then have to have

T ′(Y )

1− T ′(Y )
λY ε(Y )h(Y ) = 0.

For ε(Y )h(Y ) > 0 we get the standard result of no distortion, but ifε(Y )h(Y ) = 0 we may
haveT ′(Y ) 6= 0. This case applies in our minimum hours model for bothYmin andYmax:
Because the increasing part of the iso-income curve is infinitesimally small forYmin, we have
ε(Ymin) = 0. ForYmax we haveh(Ymax) = 0 because the length of the respective iso-income
curve is infinitesimally small.

Secondly, for interior income levels we prove in Appendix A.5 that marginal tax rates are non-
negative ifΨ

′

(Y ) is decreasing in income and

∂

∂Y

[
λ−Ψ

′

(Y )

ξ(Y )

]
> 0.

Note that this condition resembles the condition derived byJacquet et al. (2012). This shows that
their result carries over to different frameworks with extensive and intensive margin.

3.2 Participation Taxes

We now turn to the question whether the optimal tax-transfersystem should levy participation
taxes or provide participation subsidies. To do so, we first state the optimality condition for the
participation taxes:11

Corollary 2. For income levels withξ(Y ) > 0, optimal participation taxes are given by

Tpart(Y ) =

(
λ−Ψ

′

(Y )
)
h(Y ) + ∂

∂Y

[
T ′(Y )

1−T ′(Y )h(Y )Y λε(Y )
]

λξ(Y )h(Y )
. (15)

Proof. Because equation (7) holds for all values ofY , we can take its derivative with respect to
Y ; rearranging terms then yields (15).

To gain an intuitive understanding of this expression, firstconsider equation (15) without the
term ∂

∂Y [·]. We then have the standard interpretation of a model with only extensive labor supply
responses: The sign of the optimal participation tax only depends on the social marginal utility
of income compared to the marginal value of public funds: Forincome levels withΨ

′

< λ,
participation taxes are positive, for those withΨ

′

> λ, they are negative (Diamond 1980, Saez

11In our minimum hours model, the extensive margin may be missing for very high income levels, so thatξ(Y ) = 0.
For these income levels,Tpart cannot be inferred from (15), but is implicitly defined by theset of optimality conditions
stated in Proposition 2. However, condition (15), when multiplied by the denominator, holds for allY .
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2002, Choné and Laroque 2011b).12 This result can most easily be understood by considering
an (infinitesimally) small perturbation of the tax scheduleas shown in Figure 2, so that the tax
at incomeY is reduced bydT due to a small decrease of the marginal tax rates in the inter-
val [Y − dY, Y ] and a small increase of the marginal tax rates in the interval[Y, Y + dY ].13

Without intensive labor supply responses, this only has twoeffects: a redistribution effect of
(Ψ

′

(Y ) − λ)h(Y ) as individuals with incomeY pay lower taxes, and a participation effect of
Tpart(Y )λξ(Y )h(Y ) as some of the unemployed start working if the participationtax is reduced.
For the optimal tax schedule, these two effects on welfare have to add up to zero and therefore
the sign of the participation tax is equal to the sign ofλ−Ψ

′

.

Y

T (Y )

Y−dY Y Y+dY

Figure 2: Tax perturbation

With labor supply responses along the intensive margin sucha perturbation also has a substitution
effect as defined in (11) because of the change in marginal taxrates. Individuals with income
in [Y − dY, Y ] will increase their labor supply, and those with income in[Y, Y + dY ] will
reduce it. Whether government revenue increases or decreases depends on the difference of
these two effects, which in the limit, asdT → 0, is captured by the derivative of the substitution
effect, i.e. ∂

∂Y [·]. This derivative can be smaller than zero if for example the densityh(Y ) is
decreasing quickly. However, for a constant density, a constant elasticity and a constant marginal
tax rate, the substitution effect is increasing (so that∂

∂Y [·] is positive), which then makes negative
participation taxes less likely compared to the pure extensive model. This shows that we can have
Ψ

′

> λ and stillTpart > 0, so that the result of the pure extensive model does not carryover to
a setting with both margins.

12Christiansen (2012) also discusses the question of negative participation taxes in an extensive margin model and
refers to the important role of labor supply responses of high-skilled for this condition to hold. He also generalizes the
result to a general equilibrium framework.

13Werning (2007) considers such a reform in a model with only intensive labor supply responses to test whether a
given income tax schedule is Pareto inefficient.
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As we have shown in Section 3.1, the substitution effect atYmin equals zero since either
ε(Ymin)h(Ymin) = 0 or T ′(Ymin) = 0. This raises the question if at least at the bottom of the
income distribution the result of the pure extensive model holds. Note that the term∂

∂Y [·] can be
decomposed as

T ′(Y )

1− T ′(Y )
λ

∂

∂Y

[
h(Y )Y ε(Y )

]
+ h(Y )Y λε(Y )

∂

∂Y

[
T ′(Y )

1− T ′(Y )

]
. (16)

For ε(Ymin)h(Ymin) = 0, the second term vanishes and the derivative in the first termis unam-

biguously positive so that the first term as whole is positive(negative) if T ′(Ymin)
1−T ′(Ymin)

> (<) 0.
For T ′(Ymin) = 0, the first term vanishes and the second term is positive (negative) if T ′ is
increasing (decreasing) inY at Ymin. Thus, although the substitution effect equals zero at the
bottom of the income distribution, the result from the binary model that the sign of the partici-
pation tax depends solely onΨ

′

relative toλ does not carry over. However, using (16) one can
show that the reverse holds:

Proposition 3. If the social marginal utility at the bottom of the income distribution is smaller
than the social marginal value of public funds, i.e.Ψ

′

(Ymin) < λ, andΨ
′

(Y ) decreases in
income, thenTpart(Y ) is positive for allY ≥ Ymin.

Proof. If Ψ
′

(Ymin) < λ, thenTpart(Ymin) can only be negative if (16) is negative. Again
we have to distinguish two cases: Forε(Ymin)h(Ymin) = 0, the second term of (16) van-
ishes, so that (16) can only be negative ifT ′(Ymin) < 0, because ∂

∂Y [h(Y )Y ε(Y )] ≥ 0 for
Ymin. For T ′(Ymin) = 0, the first term of (16) vanishes, so that (16) can only be negative if
∂
∂Y

[
T ′(Ymin)

1−T ′(Ymin)

]
< 0, which impliesT ′(Ymin + ǫ) < 0 for some smallǫ. In both cases, for

Tpart(Ymin) to be negative,T ′ has to be negative forY equal or close toYmin.

However, becauseT (0) ≤ 0 by definition (since individuals without income cannot pay taxes),
Tpart has to be positive for someY so that the government budget constraint is satisfied. This
implies thatT ′ has to turn positive for some value ofY , sayỸ , whereTpart is still negative. AtỸ ,

T ′(Ỹ ) = 0, ∂
∂Y

[
T ′(Ỹ )

1−T ′(Ỹ )

]
> 0, andΨ

′

(Ỹ ) < λ, so the right hand side of (15) is unambiguously

positive, a contradiction toTpart(Ỹ ) still being negative at that point. (Forξ(Ỹ ) = 0, the
numerator of the right hand side of (15) would be positive, while Tpart(Ỹ )λξ(Ỹ )h(Ỹ ) = 0,
again a contradiction.)

If Tpart(Ymin) ≥ 0 andTpart(Ŷ ) < 0 for someŶ > Ymin, there must be aY < Ŷ such that
T ′(Y ) < 0 andTpart(Y ) = 0. If then Tpart becomes positive for someY > Y , the same
reasoning of the previous paragraph applies again. IfTpart did not become positive, we would
haveTpart(Y ) < 0 ∀ Y > Y . But then the right hand side of (14) would be positive forY = Y ,
a contradiction toT ′(Y ) < 0.

This proposition generalizes a well-known result from the optimal tax model with only participa-
tion decisions (going back to Diamond (1980)) to a frameworkwith both intensive and extensive
labor supply responses. Whether the condition that the social marginal utility at the bottom of the
income distribution is smaller than the social marginal value of public funds is fulfilled depends
on the welfare function and, e.g., on the number of inactive workers. The higher this number, the
stronger is the impact of their social marginal utility on the marginal value of public funds and
the more likely this condition is fulfilled. Also, the more concave the social welfare function,
the more likely it is fulfilled. In the extreme case of a Rawlsian welfare function, the condition
always holds.
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4 A Test for Pareto Inefficiency

So far we focused on characterizing that part of the Pareto frontier that corresponds to concave
social welfare functions. We now show that our analysis can be extended to test whether any
tax-transfer system is second-best Pareto inefficient.14 In the following Section 4.1 we derive the
test. We then apply this test to Germany in Section 4.2.

4.1 Theoretical Considerations

4.1.1 Inefficiently High Marginal Tax Rates

We first ask whether the marginal tax rate at a certain income level (given the marginal tax rates
for the other income levels) is so high that it is beyond its Laffer value. To determine this value,
it is helpful to rewrite the optimality condition (7) in the following way:

T ′(Y )

1− T ′(Y )
ε(Y )h(Y )Y − (1−H(Y )) +

∫ Ymax

Y

ξ(Ỹ )Tpart(Ỹ )dH(Ỹ ) (17)

= −
1

λ

∫ Ymax

Y

Ψ
′

(Ỹ )dH(Ỹ ).

The Laffer value, i.e. the revenue maximizing marginal tax rate is found by ignoring the effect
on individual utility, i.e. by setting all welfare weightsΨ

′

to zero. It then immediately follows
thatT ′(Y ) is too high if the left hand side of (17) is greater than zero. This yields a first test
for inefficiency, which can be applied if the tax schedule, the income distribution and the labor
supply elasticities are known:

Proposition 4. For given intensive elasticitiesε(Y ), extensive semi-elasticitiesξ(Y ), an income
distributionH(Y ) and quasi-linear preferences, whenever a tax schedule satisfies

T ′(Y )

1− T ′(Y )
ε(Y )h(Y )Y − (1 −H(Y )) +

∫ Ymax

Y

ξ(Ỹ )Tpart(Ỹ )dH(Ỹ ) > 0 (18)

for at least someY , then the tax schedule is second-best Pareto inefficient.

This proposition can be considered as the natural extensionof the Laffer argument to nonlinear
taxation: With a linear tax schedule, it is the constant marginal tax rate that is too high over the
entire schedule; here, it is the marginal tax rateT ′(Y ) at a specific income levelY . Lowering
T ′(Y ) will increase tax revenue; it will also reduceT for all income levelsY and above, which
will make these individuals better off. A small reduction ofthe marginal tax rateT ′(Y ) therefore
constitutes a Pareto improvement.

This test will identify some of the inefficient tax schedules, but we will now argue that a stronger
test exists: Even if each marginal tax rate itself is below the Laffer value, the tax schedule can
be inefficient because the structure of marginal tax rates isnot efficient. In this case, a different
reform will be needed to achieve a Pareto improvement.

14Saez (2001) first suggested this idea. Werning (2007) elaborates this approach for the Mirrlees model with intensive
labor supply responses. We extend this approach to the case of intensive and extensive labor supply responses.
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4.1.2 Inefficient Structure of Marginal Tax Rates

To derive the stronger version of the test we use the fact thatfor each Pareto efficient tax schedule,
there exists a set of nonnegative welfare weights so that thetax schedule is the solution to the
welfare maximization problem for these weights. If one of these weights has to be negative, the
tax schedule cannot be efficient. Taking the derivative of condition (17) yields an expression for
these weights:

∂

∂Y

[
T ′(Y )

1− T ′(Y )
ε(Y )h(Y )Y

]
+ h(Y )− ξ(Y )Tpart(Y )h(Y ) =

Ψ
′

(Y )

λ
h(Y ). (19)

A negative welfare weightΨ
′

(Y ) and thus a Pareto inefficiency exists if the left hand side of (19)
is negative, i.e., if the left hand side of (17) is decreasingin income. This defines the stronger
version of the test:

Proposition 5. Given intensive elasticitiesε(Y ), extensive semi-elasticitiesξ(Y ), an income
distributionH(Y ) and quasi-linear preferences, a tax scheduleT (Y ) is second-best Pareto in-
efficient, if

T ′(Y )

1− T ′(Y )
ε(Y )h(Y )Y − (1 −H(Y )) +

∫ Ymax

Y

ξ(Ỹ )Tpart(Ỹ )dH(Ỹ ) (20)

is decreasing inY for at least oneY .

Again, this test can be applied if the tax schedule, the income distribution and the labor supply
elasticities are known. Note that it nests the condition forPareto inefficiency of Proposition 4,
i.e., whenever a tax schedule is inefficient according to (18), it is also inefficient according to
(20): If the cumulative welfare weights are smaller than zero (so that the right hand side of (17)
is positive), then at least one of the welfare weights has to be negative. On the other hand, the
weighted sum might still be positive although some of the weights are negative.

If the test indicates that a tax schedule is inefficient, thena reform as depicted in Figure 2 in
Section 3.2, conducted at income levelY , will yield a Pareto improvement.15 Such a reform
will be self-financing or even increase tax revenue. Withoutlabor supply responses, this tax cut
of course decreases tax revenue, but the labor supply responses will outweigh this loss. Using
equation (19) instead of (20) makes it easier to see, when that will be the case.

The mechanical loss in tax revenue is given byh(Y ), the mass of individuals affected by the tax
cut. The participation effect on public funds induced by thetax reform is captured by the third
term on the left hand side of (19): The largerTpart(Y ) and the larger the participation semi-
elasticityξ(Y ), the larger is this participation effect. The argument for the substitution effect is
more subtle as the tax reform on the one hand increases marginal tax rates for incomes slightly
higher thanY and on the other hand decreases marginal tax rates for incomes slightly lower
thanY . In the limit, the overall sign of these intensive labor supply responses is captured by the
derivative of the substitution effect captured by the first term on the left hand side of (19). That
is, the positive effect on public funds induced by the labor supply increase of those with slightly
lower income is more likely to outweigh the other effect if the marginal tax rate, the densityh(Y )
or the elasticity is decreasing in income.

15For the case without extensive labor supply responses, sucha reform has already been proposed by Werning (2007).
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4.1.3 Overcoming Inefficiencies

A favorable property of the proposed tests is that to apply them only the income distribution and
elasticities are required. In the terminology of Chetty (2009), the income distribution and the
elasticities are sufficient statistics to uncover inefficiencies. However, for overcoming an inef-
ficiency, one has to know how individuals react to large tax reforms and therefore has to make
structural assumptions about their labor supply decisions. Nevertheless our analysis provides
theory-based guidance for such reforms. Whenever a tax schedule is characterized by ineffi-
ciently high marginal tax rates as discussed in Section 4.1.1, we know that a small decrease
in these marginal tax rates yields a Pareto improvement. In order to know how strong these
decreases have to be to not only yield a Pareto improvement but to completely eliminate the inef-
ficiency, one has to make structural assumptions. Similarly, if the structure of marginal tax rates
is inefficient as discussed in Section 4.1.2, we know that a small reform as depicted in Figure 2
yields a Pareto improvement. But again, structural assumptions are required to determine how to
eliminate the inefficiency.

Of course there will always exist not only one, but a whole setof Pareto improving reforms. Each
of these reforms would yield a different allocation on the Pareto frontier. That is, when deciding
how to overcome the inefficiency, one has to abandon the sole ‘efficiency consideration’ and
make a choice of how to value the utility of different individuals.

4.2 An Application to Germany

In order to apply the Pareto inefficiency test, the tax-transfer schedule has to be known. For
Germany (and likely for other countries as well), it is not immediately apparent what this sched-
ule looks like because it is the result of the interplay of three different systems. We discuss
how to construct this schedule and how we estimate the incomedistribution in the following
Section 4.2.1. The results are presented in Section 4.2.2. Policy implications are discussed in
Section 4.2.3.

4.2.1 Income Distribution, Tax-Transfer System and Elasticities

As in most countries, the tax-transfer system conditions onmarital status as well as on the number
of children. As the taxation of families raises a number of additional issues, we focus on singles
without children. In addition, eligibility for welfare benefits depends on assets. Therefore, we
only consider individuals with sufficiently low assets suchthat eligibility for welfare benefits is
ensured.

The tax-transfer system results from the interplay of threedifferent systems: the income tax
schedule, the welfare benefit system including the phase-out region and social insurance contri-
butions. We refrain from presenting the detailed derivation of the schedule and only state the
main steps:16 Gross income determines payments to the social insurance system according to the
Social Security Code. Gross income and social insurance contributions then determine the tax
liability according to the Personal Income Tax Code. Transfers then depend on gross income,
taxes and social insurance contributions. Integrating thethree systems, we arrive at the schedule
of effective marginal tax rates (for the year 2010) as shown in Figure 3. Marginal tax rates are
very high for low incomes. As soon as transfers are phased out, marginal tax rates decrease
drastically.17

16The detailed derivation is available from the authors upon request.
17There is a small downward jump in the tax schedule at 400e, which is whyT ′ tends to−∞ at this income level. As
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Figure 3: Marginal Tax Rates as Function of Monthly Income for the year 2010

In contrast to other studies (like Sinn et al. 2006), the highest phase-out rate is below 100%.
This is because we consider contributions to the pension system not purely as a tax, as there is a
Bismarckian pension system in place in Germany, see OECD (2011). Although the rate of return
in the pension system is likely to be very low, it seems reasonable to assume that individuals
will (on average) receive at least half of their (marginal) contributions as (higher) pensions; this
reduces the effective marginal tax rate by about five percentage points.18

To estimate the income distribution we use data for the year 2010 of the German Socio-Economic
Panel (SOEP), which is a representative sample of German households that are interviewed an-
nually, see Wagner et al. (2007). Our sample (of singles, aged 18 to 65, out of education, and
with sufficiently low assets) consists of 586 observations.The minimum and maximum value of
gross monthly income are 0 and 14.065 Euro. The mean income is1.844 Euro (2.248 Euro if
restricted to positive incomes).
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Figure 4: Density of the income distribution for the year 2010

We estimate the density of the income distribution nonparametrically (using the standard SOEP
weights), employing an Epanechnikov kernel and Silverman’s rule of thumb to determine the
bandwidth, see Fan and Gijbels (2003). Results for the Pareto efficiency test are, however, ba-
sically identical for different values of the bandwidth, sowe refrain from applying any cross-
validation procedure to determine an optimal bandwidth. The distribution of monthly gross in-
comes is illustrated (up to 10.000 Euro) in Figure 4.

this inefficiency is of second-order importance, we do not further comment on it. Also, there is a small spike at 1.423e,
which is due to the way the tax formula is stated in the tax code. As it arises due to rounding, it can be ignored. Note,
that this small spike is also visible in Figure 5.

18The main result of an inefficient structure of the marginal tax rates is robust with regard to how contributions to the
pension system are taken into account.
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We do not estimate elasticities ourselves but instead applya wide range of values of the empirical
literature. For the benchmark case we use 0.25 for the extensive elasticities (which we denote by
ν), and 0.33 for the intensive elasticities, see Chetty et al.(2011), but our main result holds for a
large set of values (see below).

4.2.2 Results

As marginal tax rates are very high in the phase-out region, one might suspect that they are
beyond their Laffer value as defined in Section 4.1.1.

Figure 5(a) shows our test function (20) for the benchmark case with intensive elasticities
ε = 0.33 and extensive elasticitiesν = 0.25. For the interval where marginal tax rates are about
95%, they are indeed above their Laffer value, since the testfunction is larger than zero.19
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(a) ε = 0.33 andν = 0.25

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

500 750 1000 1250 1500 1750 2000

extensive margin ignored
with extensive margin

(b) 0.08 ≤ ε(T ′) ≤ 0.5 andν = 0.25
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(c) 0 ≤ ε(T ′) ≤ 0.5 andν = 0.25
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Figure 5: Graph of the test function (left hand side of (17)) for different intensive elasticitiesε
and extensive elasticityν = 0.25; (a)-(c) original tax schedule, (d) smoothed tax schedule.

This could be considered a strong result, but it may need the following qualification: Assuming
an intensive elasticity that does not depend on the value of the marginal tax rate may not be
appropriate. With a constant elasticity, the percentage increase in income due to a 1 percentage
point increase inT ′ strongly increases inT ′. For example, a decrease inT ′ from 95% to 94%
induces a relative increase in income that is 10 times as highas for a decrease from 50% to

19As in most data sets, top incomes are underrepresented in theSOEP data we use. Taking this into account would
slightly weaken the case for the marginal tax rates being above their Laffer values. However, our main result, that the
structure of marginal tax rates is inefficient, is independent of any underrepresentation of high incomes.
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Figure 6: Marginal Tax Rates and smoothed Tax Rates as Function of Monthly Income for the
year 2010

49%. This would imply a 10 times as large semi-elasticity. Such huge differences in the semi-
elasticities might be considered too large. We therefore also apply our test for the case that the
semi-elasticity is constant, and for an intermediate case.To keep the semi-elasticity constant, we
let the elasticity decrease linearly inT ′ from 0.5 to 0, i.e., we assumeε(T ′) = 0.5 − 0.5T ′.20

In this case, the inefficiency according to Proposition 4 vanishes, see Figure 5(c), as our test
function is now below zero. For the intermediate case, we letthe semi-elasticity increase less
heavily inT ′ than is the case with a constant elasticity. When we assumeε(T ′) = 0.5− 0.42T ′

(so that the lower bound forε is not 0, but 0.08), our test identifies an inefficiency when extensive
effects are incorporated, but fails to do so, if they are ignored, see Figure 5(b).

Whether the German tax-transfer system passes the test of Proposition 4 is therefore very sen-
sitive with respect to the elasticities. However, in all three cases (Figure 5(a)-(c)) the test curve
is falling, so the test shows an inefficiency according to Proposition 5. Since marginal tax rates
drop discontinuously (see Figure 3), one might argue that this is actually trivial. Whenever there
is a discontinuity in the marginal tax rates, the test function (20) is going to be characterized
by a discontinuous downward jump if elasticities and the income distribution are smooth. We
therefore test the following: We smooth the decrease in marginal tax rates (see Figure 6 for
a smoothing interval of 100 Euro), and determine how large the smoothing interval has to be
(leaving everything else equal), so that the inefficiency disappears. If this interval is small, the
inefficiency is of second-order importance. However, this is not the case. Figure 5(d) shows our
test function for a smoothing interval of 100 Euro (50 Euro below and above the discontinuity in
T ′) for the elasticity values as in Figure 5(c): The inefficiency clearly stays present. Indeed the
inefficiency does not disappear for any smoothing interval smaller than 438 Euro.21

The decrease of marginal tax rates after transfers are phased out, as it is observed in many coun-
tries, has already been criticized by Kaplow (2007, p. 304).Referring to results from numerical
simulations based on utilitarian welfare functions, he argues that marginal tax rates in the phase-
out region are too high, and too low afterwards. For Germany we show this to be correct but also
make the argument even stronger since the tax-transfer system is (second-best) Pareto inefficient
and can therefore not be justified by any welfare function.

20For the intermediate value ofT ′ = 0.33 we get the intensive elasticity = 0.33 that we assumed before.
21Considering in addition income effects would of course yield different numbers. With income effects, a tax reform

as depicted in Figure 2 would slightly reduce labor supply ofindividuals earningY , which would decrease tax revenue
and therefore make such a reform less likely to be feasible. As the tax schedule remains inefficient even for a large
smoothing interval, taking into account income effects would not change our main result but only slightly decrease the
extent of the inefficiency, especially because the literature has found income effects to be rather small, see Meghir and
Phillips (2010) and the references therein.
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4.2.3 Possible Reforms and Policy Implications

The German tax-transfer system has often been criticized for its disincentives to work for indi-
viduals with low incomes. One proposal has been to lower marginal tax rates in the phase-out
region, financed by a decrease in the welfare benefit (Sinn et al. 2006). For individuals that can-
not find a job this proposal also included a guaranteed job offer in the public sector; if accepted,
transfers would then be as high as before the reform. Such a reform would increase employment,
but its welfare consequences are ambiguous because at leastsome of the welfare recipients are
worse off.

Our analysis clearly suggests that the high marginal tax rates in the phase-out region are indeed
hard to justify. If intensive elasticities in this region are above0.1, they might even be above
their Laffer value, which would imply that slightly lowering them would increase tax revenue.

As already mentioned, this result may have to be qualified because high incomes are underrepre-
sented in the SOEP data. In contrast, the inefficiency identified by the second test is independent
of how accurately the density of high income is estimated (see equation (19)). Also, the test
indicates an inefficiency for a very wide range of elasticities. We therefore conjecture that there
is room for a Pareto improving reform, where marginal tax rates are decreased in the phase-out
region, and increased for incomes just above this region. Because the absolute level of taxes does
not increase for any income level, no individual is made worse off, but tax revenue increases due
to the induced labor supply responses along the intensive and extensive margin. To obtain con-
crete numbers for such a reform so that not only a Pareto improvement, but also a Pareto optimal
allocation is achieved one has to make structural assumptions about the elasticities in order to
predict labor supply responses to reforms that come with substantial changes in marginal tax
rates. One should then also take consumption taxes into account. Whereas this would have no
effect on the general pattern of such a Pareto improving reform, it may well influence concrete
numbers.

5 Conclusion

We analyzed the optimal design of tax-transfer systems in the presence of intensive and exten-
sive labor supply responses. We derived optimality conditions for the entire tax schedule, but
our interest was mainly on that part of the schedule where individuals receive transfers. More
specifically, we asked whether participation subsidies andhigh marginal tax rates in the transfer
phase-out region can be grounded in optimal tax theory.

Concerning participation subsidies, we derived a condition for negative participation taxes to be
never part of an optimal tax schedule: the social marginal utility of the lowest income worker to
be smaller than the marginal value of public funds. We thereby extended the result from Diamond
(1980), Saez (2002) and Choné and Laroque (2011b) to the case where in addition to extensive
labor supply responses also intensive labor supply responses are considered.

Regarding the issue of high marginal tax rates in the phase-out region, we developed a test for the
Pareto inefficiency of a given tax-transfer system. This test is expressed in reduced form and is an
extension of Werning (2007) to the case of intensive and extensive labor supply responses. When
applied to the German tax-transfer system the results suggest an inefficient structure of marginal
tax rates: a decrease of marginal tax rates in the phase-out region combined with an increase
of marginal tax rates for slightly higher incomes could yield a Pareto improvement. Using these
insights as a starting point for analyzing Pareto improvingtax reforms in a structural labor supply
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model for Germany in the spirit of Blundell and Shephard (2012) would be an interesting task
for future research.

Applying this test to other countries would also be worthwhile. Constructing the schedule of
effective marginal tax rates, however, requires detailed knowledge of the interplay of the tax
code and all elements of the welfare benefit program (at the federal and the state level in some
countries), but once the schedule is known, the test can easily be applied. The extension of such
a test to tax-transfer systems for couples and families should also be pursued.22 This would add
additional interesting aspects because the marginal tax rate of the primary earner often depends
on the earnings of the secondary earner and vice versa.

22See Cremer et al. (2012), Kleven et al. (2009), Immervoll et al. (2009) and Bach et al. (2012) for recent contributions
to the optimal tax treatment of couples.
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A Appendix

A.1 Proof of Proposition 1

To prove that (NDC), (EC), (MC) and the definition of the thresholds imply incentive compat-
ibility, we use Figure 7, where a representative iso-incomecurve is illustrated. We first argue that
an iso-income curve indeed has a shape as illustrated in Figure 7: Note that by Lemma 2 income
and consumption are constant along the increasing part of that line becausewα is constant. By the
definition of theαm(w)-curve, income is the same on the flat part of this kinked line;thus this
curve is indeed an iso-income curve. Because of (NDC), we know that consumption on the flat
part must also be equal to consumption on the increasing part, so the iso-income curve is also an
iso-consumption-curve. Finally note that by the definitionof theαu(w)-curve, income is zero to
the right of it and therefore consumption must be the same forall those types.

α

w

w1

w0

α1α0

αm αu

A

B

E

D

C

Figure 7: Incentive compatibility constraints

We now show that (NDC), (EC), (MC) and the definition of the thresholds imply incentive
compatibility for all types on such a kinked line:

Incentive constraints for the increasing part: For the increasing part of the iso-income curve,
(EC) and (MC) guarantee that no income-consumption bundle to the left oftheαm(w)-curve
is preferred; individuals on the increasing part prefer their income-consumption bundle to any
income-consumption bundle in A or B. By the no-discrimination constraint we know that for each
income-consumption bundle in D or C there exists an equivalent income-consumption bundle in
A or B; individuals on the increasing part thus prefer their income-consumption bundle to any
income-consumption bundle in C or D. Since along the flat partof the iso-income curve, utility is
decreasing inα, we know that utility at the kink is larger than at the point where the iso-income
curve intersects theαu(w)-curve; thus individuals on the increasing part prefer their income-
consumption bundle to the income-consumption bundle in E.

Incentive constraints for the flat part: By the same argument as above, it follows that individ-
uals on the flat part prefer their income-consumption bundleto that in E. By the minimum hours
constraint, they cannot choose income-consumption bundles in A and C. Each consumption bun-
dle in B is not preferred by the type on the kink of the curve as argued above. Since income
in B is higher and disutility of work is increasing inα along the flat part, no individuals in the
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flat part prefer any income-consumption bundle in B (and therefore also none in D) to their own
income-consumption bundle.

Finally, by the definition of theαu(w)-line and the same arguments as above, no individuals in
E prefer any income-consumption bundle to the left of theαu(w)-line.

A.2 The First-Order Conditions of the Government’s Problem

As a first step, rewrite the government’s objective (1) in terms ofV (β), (αu(w)), αm(w), αm
β (β),

b andV (w,α) as

W =

∫ β1

β

∫ αm
β (β)

α(β)

Ψ(V (β)) dG̃(α|β) dK(β)

+

∫ w1

w0

[∫ αu(w)

αm(w)

Ψ(V (w,α)) dG(α|w) +

∫ α1

αu(w)

Ψ(b) dG(α|w)

]
dF (w).

whereα(β) is the lowest value ofα associated with a certain value of beta, i.e.α(β) = w0

β . Using

the definition of the indirect utility function, replaceC(β) by V (β) + v
(

Y (β)
β

)
andC(w,α) by

V (w,α) + v(αLmin). The Lagrangian for the problem then reads as:

L =

∫ β1

β

∫ αm
β (β)

α(β)

Ψ(V (β)) dG̃(α|β) dK(β)

+

∫ w1

w0

∫ αu(w)

αm(w)

Ψ(V (w,α)) dG(α|w)dF (w) +

∫ w1

w0

∫ α1

αu(w)

Ψ(b) dG(α|w)dF (w)

+λ

{∫ β1

β

[
Y (β)−

(
V (β) + v

(
Y (β)

β

))]
G̃(αm

β (β)|β)dK(β)

+

∫ w1

w0

∫ αu(w)

αm(w)

(wLmin − (V (w, a) + v (αLmin))) dG(α|w)dF (w)

−

∫ w1

w0

b(1−G(αu(w)|w))dF (w)

}

+

∫ β1

β

∫ αu(Y (β)/Lmin)

αm(Y (β)/Lmin)

η(β, α)

[
V (β) + v

(
Y (β)

β

)
− V (w,α) − v (αLmin)

]
dαdβ

+

∫ β1

β

[
µ(β)V ′(β)− µ(β)v′

(
Y (β)

β

)
Y (β)

β2

]
dβ,

whereλ is the multiplier of the resource constraint,η(β, α) is the multiplier function of the no
discrimination constraint andµ(β) is the multiplier function of the envelope condition. Partially

integrating the term
∫ β1

β
µ(β)V ′(β)dβ yields−

∫ β1

β
µ′(β)V (β) + µ(β1)V (β1) − µ(β)V (β), so

that the last line of the Lagrangian can be replaced by

+

∫ β1

β

[
−µ′(β)V (β)− µ(β)v′

(
Y (β)

β

)
Y (β)

β2

]
dβ + µ(β1)V (β1)− µ(β)V (β).
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The first order conditions are:

∂L

∂V (β)
=

∫ αm
β (β)

α(β)

(Ψ′(V (β)) − λ) dG̃(α|β) k(β) − µ′(β) (21)

+

∫ αu(Y (β)/Lmin)

αm(Y (β)/Lmin)

η(β, α)dα = 0

∂L

∂V (w,α)

∣∣∣∣
α<αu

= (Ψ′(V (w,α)) − λ) g(α|w)f(w) − η(Y −1((wLmin), α) = 0 (22)

∂L

∂V (w,αu(w))
= (Ψ′(V (w,α)) − λ) g(α|w)f(w) − η(Y −1((wLmin), α) (23)

+λg(αu(w)|w)
∂αu(w)

∂V
(b+ wLmin − (V (w, a) + v (αu(w)Lmin))) = 0

∂L

∂Y (β)
= λ

(
1− v′

(
Y (β)

β

)
1

β

)
G̃(αm

β (β)|β)k(β) (24)

−µ(β)
v′
(

Y (β)
β

)
+ v′′

(
Y (β)
β

)
Y (β)
β

β2

+

∫ αu(Y (β)/Lmin)

αm(Y (β)/Lmin)

η(β, α)

[
v′
(
Y (β)

β

)
1

β
−

∂V

∂w

1

Lmin

]
dα = 0

∂L

∂b
=

∫ w1

w0

∫ α1

αu(w)

Ψ′(b)dG(α|w)dF (w) − λ

∫ w1

w0

∫ α1

αu(w)

dG(α|w)dF (w) (25)

−λ

∫ w1

w0

∂αu(w)

∂b
g(αu(w)|w)(b + wLmin − V (w,α) − v(αLmin))dF (w).

Finally the derivatives with respect to the endpoint conditions are

∂L

∂V (β1)
= µ(β1) = 0 (26)

and
∂L

∂V (β)
= µ(β) = 0. (27)
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A.3 Solution to the Government’s Problem

First integrating (22) overαm to αu and adding (23), then integrating this expression overw0 to
w1, finally adding (25) as well as (21) integrated overβ to β1 yields

λ =

∫ w1

w0

∫ α1

α0

Ψ′(V (w,α))dG(α|w)dF (w),

i.e. equation (5). Integrating (21) yields

µ(β) =

∫ β1

β

∫ αm

β′(β)

α(β′)

(λ−Ψ′(V (β′))) dG̃(α|β′)dK(β′)

−

∫ β1

β

∫ αm(Y (β′)/Lmin)

αu(Y (β′)/Lmin)

η(β, α)dαdβ′. (28)

Inserting (22) and (23) into (28) then results in

µ(β) =

∫ β1

β

∫ αm
β (β′)

α(β′)

[λ−Ψ′(V (β′))] dG̃(α|β′)dK(β′)

+

∫ β1

β

[∫ αu(Y (β′)/Lmin)

αm(Y (β′)/Lmin)

[
λ−Ψ′

(
V

(
Y (β′)

Lmin
, α

))]
dα

+λg(αu(w)|w)
∂αu(w)

∂V (w,αu(w))
(T (wLmin) + b)

]
dK(β′).

Using ∂V (w,α)
∂w = (1 − T ′(Y (β)))Lmin andv′

(
Y (β)
β

)
1
β = 1 − T ′(Y (β)) to simplify (24)

yields:

λ

(
1− v′

(
Y (β)

β

)
1

β

)
G̃(αm(β)|β)k(β) − µ(β)

v′
(

Y (β)
β

)
+ v′′

(
Y (β)
β

)
Y (β)
β

β2
= 0. (29)

Inserting (28) into (29) and usingεY,1−T ′ = β2

v′′

1−T ′

Y (β) , (where ∂Y
∂(1−T ′) = β2

v′′
can be derived by

implicitly differentiating the FOC of the unconstrained individuals), we have

T ′(Y (β))

1− T ′(Y (β))
λβ

(
εY,1−T ′

εY,1−T ′ + 1

)
G̃(αm(β)|β)k(β)

=

∫ β1

β

∫ αm
β (β)

α(β)

(λ−Ψ′(V (β′))) dG̃(α|β′)dK(β′)

+

∫ w1

Y (β)
Lmin

[∫ αu(w)

αm(w)

(λ−Ψ′(V (w,α))) dG(α|w) .

+λg(αu(w)|w)
∂αu(w)

∂T (wLmin)
(T (wLmin) + b)

]
dF (w).

Together with the endpoint conditions (26) and (27) this constitutes the solution.
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A.4 Proof of Proposition 2

Let Ψ
′

(Y ) be the average marginal utility of income of all individualsearning incomeY ; it is
given by

Ψ
′

(Y (β)) =

∫ αm(β)

α(β)

Ψ′(V (β))dG(α|β)h(β)
∂β

∂Y
+

∫ αu(wβ)

αm(wβ)

Ψ′(V (wβ , α))dG(α|wβ)
f(wβ)

Lmin

h̃(Y (β))
.

UsingΨ
′

(Y ), the first and second line of (4) can be rewritten as
∫ Ymax

Y

[
(λ−Ψ

′

(Ỹ ))
]
dH(Ỹ ).

Let ξ(Y ) be the semi-elasticity of participation, i.e. the increasein the number of unemployed
relative to the number of individuals earning income levelY , h(Y ), due to an absolute increase
in T (Y ) (or b); it is given by

ξ(Y (β)) =
−

∂αu(wβ)
∂T g(αu(wβ)|wβ)

f(wβ)
Lmin

h(Y (β))
.

Applying integration by substitution, the term
∫ w1

Y (β)
Lmin

g(αu(w)|w)
∂αu(w)

∂T (wLmin)
(T (wLmin) + b)dF (w)

can be rewritten as

∫ w1Lmin

Y (β)

g

(
αu

(
Y

Lmin

) ∣∣∣∣∣
Y

Lmin

)
∂αu

(
Y

Lmin

)

∂T (Y )

1

h(Y )

f
(

Y
Lmin

)

Lmin
︸ ︷︷ ︸

ξ(Y )

(T (Y ) + b)dH(Y ).

Using this, the third line of (4) can be rewritten as
∫ Ymax

Y

−λξ(Ỹ )Tpart(Ỹ ) dH(Ỹ ).

Using the definition ofεY,β and the first order condition(1 − T ′)β = v′, we have

εY,β = −
v′
(

Y (β)
β

)
1
β + v′′

(
Y (β)
β

)
Y (β)
β2

− 1
β2 v′′

(
Y (β)
β

) =
(1 − T ′)β2

v′′
(

Y (β)
β

)
Y (β)

+ 1 = εY,1−T ′ + 1.

We can therefore rewrite the first term of (3) as

T ′(Y (β))

1− T ′(Y (β))
λβ

εY,1−T ′

∂Y
∂β

β
Y

G̃(αm(β)|β)k(β). (30)

Since the average elasticityε(Y ) for incomeY and the elasticityεY,1−T ′ are linked by

ε(Y )

εY,1−T ′

=
G̃(αm(β)|β)k(β)

h(Y )∂Y∂β
,

we can rewrite (30) asT ′(Y )
1−T ′(Y )λY ε(Y )h(Y ).
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A.5 Proof of Conditions for Nonnegative Marginal Tax Rates

In our minimum hours model we haveξ(Y ) = 0 ∀Y ≥ Y for someY ∈]Ymin, Ymax[. In the

following we show that – if ∂
∂Y

[
λ−Ψ

′

(Y )
ξ(Y )

]
> 0 andΨ

′

(Y ) is decreasing in income – there can

be no interval]Y1, Y2[ with negative marginal tax rates for

• Case 1:Y1 < Y2 < Y ,

• Case 2:Y1 < Y ≤ Y2,

• Case 3:Y ≤ Y1 < Y2.

In a model where the extensive margin is always present, onlyCase 1 applies.

In all three cases we would haveA(Y1) = 0 andA(Y2) = 0 becauseT ′(Y1) = 0 andT ′(Y2) =
0.23 We would also haveA′(Y1) ≤ 0 andA′(Y2) ≥ 0, because forT ′ to be negative in]Y1, Y2[,
A(Y ) has to be negative within this interval.

Case 1:In this case we have

A′(Y ) = [Ψ
′

(Y )− λ+ λξ(Y )Tpart(Y )]h(Y ) (31)

for Y = Y1 andY = Y2. SolvingA′(Y1) ≤ 0 for Tpart(Y1) andA′(Y2) ≥ 0 for Tpart(Y2), and
usingTpart(Y1) > Tpart(Y2) since marginal tax rates are negative, we have

λ−Ψ
′

(Y1)

λξ(Y1)
≥

λ−Ψ
′

(Y2)

λξ(Y2)
,

which cannot hold if ∂
∂Y

[
λ−Ψ

′

(Y )
ξ(Y )

]
> 0.

Case 2:Using (31), in this case we have

Ψ
′

(Y1)− λ+ λξ(Y1)Tpart(Y1) ≤ 0

Ψ
′

(Y2)− λ ≥ 0,

which impliesλξ(Y1)Tpart(Y1) ≤ Ψ
′

(Y2) − Ψ
′

(Y1). Because the right hand side is negative,
this requiresTpart(Y1) < 0.

We now have to distinguish two cases:

If Ψ
′

(Y1) < λ, we would then haveTpart(Y1 + ǫ) < 0, Ψ
′

(Y1 + ǫ) < λ andT ′(Y1 + ǫ) < 0,
which cannot hold as we show in the proof of Proposition 3.

If Ψ
′

(Y1) > λ, we must haveΨ
′

(Ỹ ) = λ for someỸ ≤ Y ; if not, ∂
∂Y

[
λ−Ψ

′

(Y )
ξ(Y )

]
> 0 would be

violated (close toY ). Again we have to distinguish two cases:

If Ỹ < Y or Ỹ = Y < Y2, we would haveTpart(Ỹ +ǫ) < 0,Ψ
′

(Ỹ +ǫ) < λ andT ′(Ỹ +ǫ) < 0,
which again cannot hold as we show in the proof of Proposition3.

If Ỹ = Y = Y2, we would haveξ(Ỹ ) = 0 andΨ
′

(Ỹ ) = λ. But then, sinceΨ
′

(Y ) < λ ∀Y > Y ,
we would haveA(Y2) > 0, see (8).

23If Y1 = Ymin, we may haveT ′(Ymin) 6= 0, but neverthelessA(Ymin) = 0, see (10). The same applies for
Ymax, see (10) again.
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Case 3:In this case we have
A′(Y ) = (Ψ

′

(Y )− λ)h(Y )

for Y = Y1 andY = Y2. A′(Y1) ≤ 0 andA′(Y2) ≥ 0 would imply Ψ
′

(Y2) ≥ Ψ
′

(Y1), a
contradiction to decreasing social marginal utility of income.

A.6 Formal Definition of the Income Distribution Function H(Y )

The distribution function ofY , H(Y ) is given by

H(Y (β)) =

∫ β

β

G̃(αm
β (β′)|β′)dK(β′) +

∫ Y (β)
Lmin

w0

[
G(αu(w)|w) −G(αm(w)|w)

]
dF (w).

The corresponding density is

h(Y (β)) = G̃(αm
β (β)|β)k(β)

dβ

dY
+ (G (αu(wβ)|wβ)−G (αm(wβ)|wβ))

f(wβ)

Lmin
,

wherewβ = Y (β)
Lmin

.
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